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Abstract
We investigate a conformal-like transformation for which the spacetime interval is invariant.
Keywords: Conformal symmetry, Weyl symmetry, Weyl gravity, spacetime symmetry.
1 Introduction
Symmetry principles have proven remarkably successful in discovering the laws of nature. The power of symmetry
was first brilliantly demonstrated by Einstein in 1905. Hidden within Maxwell’s equations, Einstein noticed a
symmetry and promoted it to a symmetry of spacetime itself, directly leading to the special theory of relativity.
Increasing the symmetry of spacetime further, by demanding the laws of physics be invariant under any local change
of spacetime coordinates, was even more successful, guiding Einstein to the general theory of relativity [1]. Can
this trend be continued? Can enhancing the symmetry of spacetime even further help reveal new laws of nature?
Under a plausible set of assumptions, the Coleman-Mandula theorem states that the maximal symmetry space-
time can have is conformal symmetry [2]. Given the privileged status of conformal symmetry, its implementation
may prove fruitful in the search for new fundamental physics. In this work, we explore the effect of endowing
spacetime with conformal symmetry.
Global scale transformations act on spacetime coordinates via xµ → xµΩ, such that the metric tensor transforms
via gµν → gµνΩ2, where Ω has the same value at each spacetime point. However, it is now widely believed that
all fundamental symmetries of nature must be local, as exemplified by the successes of gauge theories and general
relativity [1]. Conformal transformations are nothing but local scale transformations. A conformal transformation
is defined as a coordinate transformation xµ → x˜µ(x) such that the metric tensor transforms according to gµν →
gµνΩ
2(x), where Ω(x) is a positive dimensionless function of all four spacetime coordinates x = (x0, x1, x2, x3).
In this work we consider the coordinate transformation
xµ → x˜µ(xµ) = xµΩ(xµ), (1)
where each coordinate is rescaled by a function of that coordinate only (xµ represents an individual coordinate),
such that the metric tensor transforms according to
gµν → gµνΩ2(xµ), (2)
where Ω(xµ) is a positive dimensionless function of the individual spacetime coordinate xµ. In section 3 we explore
the possible connection between Eqs. (1) and (2) and a conformal transformation.
The aim of this paper is to determine the only non-trivial factor Ω(xµ) consistent with a locally invariant space-
time. To achieve this aim we demand that the line element ds2 = gµνdxµdxν be invariant under the transformation
of Eqs. (1) and (2).
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2 Determining Ω(xµ)
2.1 Invariant line element
Statement 1. The only non-trivial factor Ω(xµ) for which the line element ds2 = gµνdxµdxν is invariant under
the transformation of Eqs. (1) and (2) is
Ω(xµ) =
√
1 +
(
l
xµ
)2
, (3)
where l is a constant with dimensions of length.
Proof 1. For the line element ds2 = gµνdxµdxν to be invariant under Eq. (2) the product dxµdxν must transform
according to
dxµdxν → dx
µdxν
Ω(xµ)2
≡ dx˜µdx˜ν . (4)
For diagonal components (µ = ν) of gµν we therefore require
(dx˜µ)2 =
(dxµ)2
Ω(xµ)2
. (5)
Taking the square root and substituting x˜µ = xµΩ(xµ) into Eq. (5) gives
d (xµΩ(xµ))
dxµ
− 1
Ω(xµ)
= 0. (6)
Since the product rule tells us that
d (xµΩ(xµ))
dxµ
= Ω(xµ) + xµ
dΩ(xµ)
dxµ
, (7)
we have
Ω(xµ) + xµ
dΩ(xµ)
dxµ
− 1
Ω(xµ)
= 0. (8)
Equation (8) must be satisfied in order to yield an invariant line element. Equation (8) has four solutions
Ω(xµ) =
{
±1, ±
√
1 +
a
(xµ)2
}
, (9)
where a is a constant. Since Ω(xµ) must be positive for all xµ we are left with only two possible solutions, the
trivial Ω(xµ) = 1 and the non-trivial Ω(xµ) =
√
1 + a/(xµ)2. Since Ω(xµ) must be dimensionless, a must have
dimensions of length squared, and so we define a new constant l with dimensions of length via a ≡ l2. Therefore,
the only non-trivial factor Ω(xµ) for which the spacetime interval ds2 = gµνdxµdxν is invariant is
Ω(xµ) =
√
1 +
(
l
xµ
)2
. (10)
3 Connection with conformal transformations?
Let’s impose the condition
g˜ρσ = gρσΩ
2(x), (11)
for some unknown function Ω(x). Coordinate transformations x → x˜(x) that satisfy Eq. (11) are defined as
conformal transformations. Therefore, if
2
xµ → x˜µ(xµ) = xµ
√
1 +
(
l
xµ
)2
(12)
can be shown to satisfy Eq. (11) then it is a conformal transformation.
If coordinates transform according to Eq. (12) then we have
∂x˜ρ
∂xµ
=
∂(xρΩ(xρ))
∂xµ
=
1
Ω(xµ)
, (ρ = µ). (13)
Likewise,
∂x˜σ
∂xν
=
∂(xσΩ(xσ))
∂xν
=
1
Ω(xν)
, (σ = ν). (14)
For (ρ 6= µ) and (σ 6= ν) all partial derivatives equal zero. Now, under a change of coordinates x→ x˜(x) the metric
tensor transforms according to
g˜ρσ = gµν
∂xµ
∂x˜ρ
∂xν
∂x˜σ
= gµν
(
∂x˜ρ
∂xµ
∂x˜σ
∂xν
)−1
. (15)
Using Eq. (15) we therefore find
g˜ρσ = gµνΩ
2(xµ), (µ = ν). (16)
Although this looks very much like a conformal transformation, Eq. (16) in fact tells us that g˜ and g are in general
not conformally related, since Ω(xµ) does not necessarily define the same function for each index µ.
We further highlight the fact that the coordinate transformation of Eq. (12) is not continuous at the origin, and
so is not defined over the whole manifold as is the case for a normal conformal transformation.
4 Discussion and conclusions
A conformal transformation is just a special type of coordinate transformation, a diffeomorphism [4]. That is, a
conformal transformation does not physically change anything at all, at least not directly, as all physical observables
must be coordinate independent. So why should we care about conformal transformations? Well, conformal
transformations may not directly transform physical observables, but they may have a yet greater impact by
constraining the laws of physics themselves. For example, the Einstein-Hilbert action of general relativity is the
simplest action that is invariant under a local change of spacetime coordinates. Symmetry and simplicity led to
the mathematical formalism of general relativity. Might we play a similar game, and ask what is the simplest
gravitational action that is invariant under a conformal transformation?
We already know the simplest action that is invariant under a Weyl transformation, which is similar to a
conformal transformation but differs in one crucial respect. A Weyl transformation is a local rescaling of the metric
tensor gµν(x) → gµν(x)Ω2(x), but one for which spacetime coordinates remain fixed x → x [4]. Thus, a Weyl
transformation can change physical observables, such as the spacetime interval via ds2 → ds2Ω2(x). The simplest
action that is invariant under a Weyl transformation is
SW = −2αG
∫ (
RµνRµν − 1
3
R2
)
d4x
√−g, (17)
where αG is a dimensionless gravitational coupling and Rµν is the Ricci tensor [5]. This theory produces fourth-order
equations for fluctuations about a fixed background, which may or may not lead to problems with unitarity [6].
However, a true conformal transformation for which the four-volume element d4x
√−g is invariant may require an
additional multiplicative term in the integrand of Eq. (17) [3]. This preliminary line of enquiry will be pursued in
future work.
Conformal symmetry is already present in many physical theories, either as an exact or approximate symmetry.
For example, the standard model of particle physics exhibits an underlying conformal symmetry that is only broken
by the presence of massive scalar fields at lower energies. Maxwell’s equations are conformally invariant in 4-
dimensional spacetime, the ultra-relativistic limit of special relativity exhibits an effective conformal invariance, and
string theory includes conformal symmetry at a fundamental level via the AdS/CFT correspondence. An important
and attractive feature of conformal transformations is that the angle between vectors is scale invariant. Therefore,
3
conformal transformations leave the light-cone structure unchanged, ensuring the preservation of causality and
an invariant speed of light at all distances scales (see Refs. [7, 8, 9, 10] for more details). Given its high degree
of symmetry and ubiquity, conformal symmetry may prove to be a fruitful guide in the future development of
fundamental physics.
However, formulating a conformally symmetric theory comes with a wide set of challenges that are beyond the
scope of the present work, but are nevertheless important enough to mention. Firstly, general relativity contains
a fixed length scale associated with the gravitational coupling G, which may be thought of as defining an absolute
background structure. Conformal invariance seems to require removing all such length scales in order to achieve
true scale invariance. Another difficulty is that conformal invariance can only ever be an exact symmetry in the
high-energy limit, since it must be broken at lower energies due to the existence of particles of non-zero mass that
can be associated with a length scale. A well-defined symmetry breaking mechanism is therefore required. Lastly,
there is the so-called conformal anomaly problem [11].
In this work, the only non-trivial conformal-like transformation, as defined via Eqs. (1) and (2), consistent with
an invariant line element is determined.
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